We introduce the concept of Bergman bundle attached to a hermitian manifold X, assuming the manifold X to be compact -although the results are local for a large part. The Bergman bundle is some sort of infinite dimensional very ample Hilbert bundle whose fibers are isomorphic to the standard L 2 Hardy space on the complex unit ball; however the bundle is locally trivial only in the real analytic category, and its complex structure is strongly twisted. We compute the Chern curvature of the Bergman bundle, and show that it is strictly positive. As a potential application, we investigate a long standing and still unsolved conjecture of Siu on the invariance of plurigenera in the general situation of polarized families of compact K ahler manifolds.
Introduction
Projective varieties are characterized, almost by definition, by the existence of an ample line bundle. By the Kodaira embedding theorem [Kod54] , they are also characterized among compact complex manifolds by the existence of a positively curved holomorphic line bundle, or equivalently, of a Hodge metric, namely a Kähler metric with rational cohomology class. On the other hand, general compact Kähler manifolds, and especially general complex tori, fail to have a positive line bundle. Still, compact Kähler manifolds possess topological complex line bundles of positive curvature, that are in some sense arbitrary close to being holomorphic, see e.g. [Lae02] and [Pop13] . It may nevertheless come as a surprise that every compact complex manifold carries some sort of very ample holomorphic vector bundle, at least if one accepts certain Hilbert bundles of infinite dimension. Motivated by geometric quantization, Lempert and Szőke [LeS14] have introduced and discussed a more general concept of "field of Hilbert spaces". 0.1. Theorem. Every compact complex manifold X carries a locally trivial real analytic Hilbert bundle B ε → X of infinite dimension, defined for 0 < ε ≤ ε 0 , equipped with an integrable (0, 1)-connection ∂ = ∇ 0,1 that is a closed densely defined operator in the space of L 2 sections, in such a way that the sheaf B ε = O L 2 (B ε ) of ∂-closed L 2 sections is "very ample" in the following sense.
(a) H q (X, B ε ⊗ O F) = 0 for every (finite rank ) coherent sheaf F on X and every q ≥ 1.
(b) Global sections of the Hilbert space H = H 0 (X, B ε ) provide an embedding of X into a certain Grassmannian of closed subspaces of infinite codimension in H.
(c) The bundle B ε carries a natural Hilbert metric h such that the curvature tensor iΘ B ε ,h is Nakano positive (and even Nakano positive unbounded !).
The construction of B ε is made by embedding X diagonally in X × X and taking a Stein tubular neighborhood U ε of the diagonal, according to a well known technique of Grauert [Gra58] . When U ε is chosen to be a geodesic neighborhood with respect to some real analytic hermitian metric, one can arrange that the first projection p : U ε → X is a real analytic bundle whose fivers are biholomorphic to hermitian balls. One then takes B ε to be a "Bergman bundle", consisting of holomorphic n-forms f (z, w) dw 1 ∧ . . . ∧ dw n that are L 2 on the fibers p −1 (z) ≃ B(0, ε). The fact that U ε is Stein and real analytically locally trivial over X then implies Theorem 0.1, using the corresponding Bergman type Dolbeault complex. The curvature calculations can be seen as a special case of the results of [Wan17] , which provide a curvature formula for general families of pseudoconvex domains. However, in our case where the fibers are just round balls, the calculation can be made in a more explicit way. As a consequence, we get 0.2. Proposition. The curvature tensor of (B ε , h) admits an asymptotic expansion
where, in suitable normal coordinates, the leading term Q 0 (z, ξ ⊗ v) is exactly equal to the curvature tensor of the Bergman bundle associated with the translation invariant tubular neighborhood U ε = {(z, w) ∈ C n × C n ; |z − w| < ε}, in the "model case" X = C n .
The potential geometric applications we have in mind are for instance the study of Siu's conjecture on the Kähler invariance of plurigenera (see 4.1 below), where the algebraic proof ( [Siu02] , [Pau07] ) uses an auxiliary ample line bundle A. In the Kähler case at least, one possible idea would be to replace A by the infinite dimensional Bergman bundle B ε . The proof works to some extent, but some crucial additional estimates seem to be missing to get the conclusion, see §4. Another question where Bergman bundles could potentially be useful is the conjecture on transcendental Morse inequalities for real (1, 1)-cohomology classes α in the Bott-Chern cohomology group H 1,1 BC (X, C). In that situation, multiples kα can be approximated by a sequence of integral classes α k corresponding to topological line bundles L k → X that are closer and closer to being holomorphic, see e.g. [Lae02] . However, on the Stein tubular neighborhood U ε , the pull-back p * L k can be given a structure of a genuine holomorphic line bundle with curvature form very close to k p * α. Our hope is that an appropriate Bergman theory of "Hilbert dimension" (say, in the spirit of Atiyah's L 2 index theory) can be used to recover the expected Morse inequalities. There seem to be still considerable difficulties in this direction, and we wish to leave this question for future research.
Exponential map and tubular neighborhoods
Let X be a compact n-dimensional complex manifold and Y ⊂ X a smooth totally real submanifold, i.e. such that T Y ∩ JT Y = {0} for the complex structure J on X. By a well known result of Grauert [Gra58] , such a Y always admits a fundamental system of Stein tubular neighborhoods U ⊂ X (this would be even true when X is noncompact, but we only need the compact case here).
where (θ α ) is a partition of unity subordinate to (Ω α ). The reason is that ϕ is strictly plurisubharmonic near Y , as
and (∂x α,j ) j has rank n at every point of Y , by the assumption that Y is totally real. Now, let X be the complex conjugate manifold associated with the integrable almost complex structure (X, −J) (in other words, O X = O X ); we denote by x → x the identity map Id : X → X to stress that it is conjugate holomorphic. The underlying real analytic manifold X R can be embedded diagonally in X × X by the diagonal map δ : x → (x, x), and the image δ(X R ) is a totally real submanifold of X × X. In fact, if (z α,j ) 1≤j≤n is a holomorphic coordinate system relative to a finite open covering (Ω α ) of X, then the z α,j define holomorphic coordinates on X relative to Ω α , and the "diagonal" δ(X R ) is the totally real submanifold of pairs (z, w) such that w α,j = z α,j for all α, j. In that case, we can take Stein tubular neighborhoods of the form U ε = {ϕ < ε} where
Here, the strict plurisubharmonicity of ϕ near δ(X R ) is obvious from the fact that
For ε > 0 small, the first projection pr 1 : U ε → X gives a complex fibration whose fibers are C ∞ -diffeomorphic to balls, but they need not be biholomorphic to complex balls in general. In order to achieve this property, we proceed in the following way. Pick a real analytic hermitian metric γ on X ; take e.g. the (1, 1)-part γ = g (1,1) = 1 2 (g + J * g) of the Riemannian metric obtained as the pull-back g = δ * ( j idf j ∧ df j ), where the (f j ) 1≤j≤N provide a holomorphic immersion of the Stein neighborhood U ε into C N . Let exp : T X → X, (z, ξ) → exp z (ξ) be the exponential map associated with the metric γ, in such a way that R ∋ t → exp z (tξ) are geodesics D dt ( du dt ) = 0 for the the Chern connection D on T X (see e.g. [Dem94, (2.6)]). Then exp is real analytic, and we have Taylor expansions
with real analytic coefficients a αβ , where exp z (ξ) = z + ξ + O(|ξ| 2 ) in local coordinates. The real analyticity means that these expansions are convergent on a neighborhood |ξ| γ < ε 0 of the zero section of T X . We define the fiber-holomorphic part of the exponential map to be
It is uniquely defined, is convergent on the same tubular neighborhood {|ξ| γ < ε 0 }, has the property that ξ → exph z (ξ) is holomorphic for z ∈ X fixed, and satisfies again exph z (ξ) = z+ξ+O(ξ 2 ) in coordinates. By the implicit function, theorem, the map (z, ξ) → (z, exph z (ξ)) is a real analytic diffeomorphism from a neighborhood of the zero section of T X onto a neighborhood V of the diagonal in X × X. Therefore, we get an inverse real analytic
is Stein for ε > 0 small; in fact, if p ∈ X and (z 1 , . . . , z n ) is a holomorphic coordinate system centered at p such that γ p
By construction, the fiber pr −1 1 (z) of pr 1 : U γ,ε → X is biholomorphic to the ε-ball of the complex vector space T X,z equipped with the hermitian metric γ z . In this way, we get a locally trivial real analytic bundle pr 1 : U γ,ε whose fibers are complex balls; it is important to notice, however, that this ball bundle need not -and in fact, will never -be holomorphically locally trivial.
Bergman bundles and Bergman Dolbeault complex
Let X be a n-dimensional compact complex manifold equipped with a real analytic hermitian metric γ, U ε = U γ,ε ⊂ X × X the ball bundle considered in §1 and p = (pr 1 ) |U ε : U ε → X, p = (pr 2 ) |U ε : U ε → X the natural projections. We introduce what we call the "Bergman direct image sheaf"
By definition, its space of sections B ε (V ) over an open subset V ⊂ X consists of holomorphic sections f of p * O(K X ) on p −1 (V ) that are in L 2 (p −1 (K)) for all compact subsets K ⋐ V , i.e.
(2.2)
Then B ε is clearly a sheaf of infinite dimensional Fréchet O X -modules. In the case of finitely generated sheaves over O X , there is a well known equivalence of categories between holomorphic vector bundles G over X and locally free O X -modules G. As is well known, the correspondence is given by G → G := O X (G) = sheaf of germs of holomorphic sections of G, and the converse functor is G → G, where G is the holomorphic vector bundle whose
In the case of B ε , we cannot take exactly the same route, mostly because the desired "holomorphic Hilbert bundle" B ε will not even be locally trivial in the complex analytic sense. Instead, we define directly the fibers B ε,z as the set of holomorphic sections f of K X on the fibers U ε,z = p −1 (z), such that
Since U ε,z is biholomorphic to the unit ball B n ⊂ C n , the fiber B ε,z is isomorphic to the Hilbert space H 2 (B n ) of L 2 holomorphic n-forms on B n . In fact, if we use orthonormal coordinates (w 1 , . . . , w n ) provided by exph acting on the hermitian space (T X,z , γ z ) and centered at z, we get a biholomorphism B n → p −1 (z) given by the homothety η ε : w → εw, and a corresponding isomorphism
As U ε → X is real analytically locally trivial over X, it follows immediately that B ε → X is also a locally trivial real analytic Hilbert bundle of typical fiber H 2 (B n ), with the natural Hilbert metric obtained by declaring (2.3) to be an isometry. Since Aut(B n ) is a real Lie group, the gauge group of B ε → X can be reduced to real analytic sections of Aut(B n ) and we have a well defined class of real analytic connections on B ε . In this context, one should pay attention to the fact that a section f in B ε (V ) does not necessarily restrict to L 2 holomorphic sections f U ε,z ∈ B ε,z for all z ∈ V , although this is certainly true for almost all z ∈ V by the Fubini theorem; this phenomenon can already be seen through the fact that one does not have a continuous restriction morphism ρ n : H 2 (B n ) → H 2 (B n−1 ) to the hyperplane z n = 0. In fact, the function (1 − z 1 ) −α is in H 2 (B n ) if and only if α < (n + 1)/2, so that (1 − z 1 ) −n/2 is outside of the domain of ρ n . As a consequence, the morphism B ε,z → B ε,z (stalk of sheaf to vector bundle fiber) only has a dense domain of definition, containing e.g. B ε ′ ,z for any ε ′ > ε. This is a familiar situation in Von Neumann's theory of operators.
We now introduce a natural "Bergman version" of the Dolbeault complex, by introducing a sheaf F q ε over X of (n, q)-forms which can be written locally over small open sets V ⊂ X as
where the f J (z, w) are L 2 loc smooth functions on U ε ∩ (V × X) such that f J (z, w) is holomorphic in w (i.e. ∂ w f = 0) and both f and ∂f = ∂ z f are in L 2 (p −1 (K)) for all compact subsets K ⋐ V (here ∂ operators are of course taken in the sense of distributions). By construction, we get a complex of sheaves (F • ε , ∂ ) and the kernel Ker ∂ :
is an unbounded closed operator with dense domain, and the kernel is the closure of m z B ε (V ), which need not be closed. If one insists on getting continuous fiber restrictions, one could consider the subsheaf
is the sheaf of sections f such that ∇ ℓ f is continuous in the Hilbert bundle topology for all real analytic connections ∇ on B ε and all ℓ = 0, 1, . . . , k. For these subsheaves (and any k ≥ 0), we do get continuous fiber restrictions
In the same way, we could introduce the Dolbeault complex F • ε ∩ C ∞ and check that it is a resolution of O ∩ C ∞ (B ε ), but we will not need this refinement. However, a useful observation is that the closed and densely defined operator
applied on the Stein manifold U ε . We are going to see that B ε can somehow be seen as an infinite dimensional very ample sheaf. This is already illustrated by the following result.
2.5. Proposition. Assume here that ε > 0 is taken so small that ψ(z, w) := | logh z (w)| 2 is strictly plurisubharmonic up to the boundary on the compact set U ε ⊂ X × X. Then the complex of sheaves (F • ε , ∂) is a resolution of B ε by soft sheaves over X (actually, by C ∞ X -modules ), and for every holomorphic vector bundle E → X and every q ≥ 1 we have
Moreover the fibers B ε,z ⊗ E z are always generated by global sections of H 0 (X, B ε ⊗ O(E)), in the sense that H 0 (X, B ε ⊗ O(E)) → B ε,z ⊗ E z is a closed and densely defined operator with surjective image.
Proof. By construction, we can equip U ε with the the associated Kähler metric ω = i∂∂ψ which is smooth and strictly positive on U ε . We can then take an arbitrary smooth hermitian metric h E on E and multiply it by e −Cψ , C ≫ 1, to obtain a bundle with arbitrarily large positive curvature tensor. The exactness of F • ε and cohomology vanishing then follow from the standard Hörmander L 2 estimates applied either locally on p −1 (V ) for small Stein open sets V ⊂ X, or globally on U ε . The global generation of fibers is again a consequence of the Ohsawa-Takegoshi L 2 extension theorem.
2.6. Remark. It would not be very hard to show that the same result holds for an arbitrary coherent sheaf E instead of a locally free sheaf O(E), the reason being that p * E admits a resolution by (finite dimensional) locally free sheaves
2.7. Remark. A strange consequence of these results is that we get some sort of "holomorphic embedding" of an arbitrary complex manifold X into a "Hilbert Grassmannian", mapping every point z ∈ X to the closed subspace S z in the Hilbert space H = B ε (X), consisting of sections f ∈ H such that f (z) = 0 in B ε,z , i.e. f |p −1 (z) = 0.
3.A. Calculation in the model case (C n , std)
In the model situation X = C n with its standard hermitian metric, we consider the tubular neighborhood
If one insists on working on a compact complex manifold, the geometry is locally identical to that of a complex torus X = C n /Λ equipped with a constant hermitian metric γ.
3.2. Remark. Again, we have to insist that the Bergman bundle B ε is not holomorphically locally trivial, even in the above situation where we have invariance by translation. However, in the category of real analytic bundles, we have a global trivialization of B ε → C n by the map
in other words, for any open set V ⊂ C n and any k ∈ N ∪ {∞, ω}, we have isomorphisms
where f, g are C k in (z, w), holomorphic in w, and the derivatives z → D α z g(z, •), |α| ≤ k, define continuous maps V → H 2 (B n ). Complex structures of these bundles are defined by the (0, 1)-connections ∂ z of the associated Dolbeault complexes, but obviously ∂ z f and ∂ z g do not match. In fact, if we write
where ⊗ is the ε or π-topological tensor product in the sense of [Gro55] , we get
Therefore the trivialization τ * : f → u yields at the level of ∂-connections an identification
) is the constant unbounded Hilbert space operator A(z) = A given by
We see that the holomorphic structure of B ε is given by a (0, 1)-connection that differs by the matrix A from the trivial (0, 1)-connection, and as A is unbounded, there is no way we can make it trivial by a real analytic gauge change with values in Lie algebra of continuous endomorphisms of H 2 (B n ).
We are now going to compute the curvature tensor of the Bergman bundle B ε . For the sake of simplicity, we identify here H 2 (B n ) to the Hardy space of L 2 holomorphic functions via u → g = u(w) dw 1 ∧. . .∧dw n . After rescaling, we can also assume ε = 1, and at least in a first step, we perform our calculations on B 1 rather than B ε . Let us write w α = 1≤j≤n w α j j for a multiindex α = (α 1 , . . . , α n ) ∈ N n , and denote by λ the Lebesgue measure on C n . A well known calculation gives
In fact, by using polar coordinates w j = r j e iθ j and writing t j = r 2 j , we get
Now, an induction on n together with the Fubini formula gives
where t ′ = (t 1 , . . . , t n−1 ) and α ′ = (α 1 , . . . , α n−1 ). As
Such formulas were already used by Shiffman and Zelditch [ShZ99] in their study of zeros of random sections of positive line bundles. They imply that a Hilbert (orthonormal) basis
As a consequence, and quite classically, the Bergman kernel of the unit ball B n ⊂ C n is
If we come back to U ε for ε > 0 not necessarily equal to 1 (and do not omit any more the trivial n-form dw 1 ∧ . . . ∧ dw n ), we have to use a rescaling (z, w) → (ε −1 z, ε −1 w). This gives for the Hilbert bundle B ε a real analytic orthonormal frame
such that the functions ξ α are real analytic on a neighborhood of 0 and satisfy the following two conditions:
Let c k = (0, . . . , 1, . . . , 0) be the canonical basis of the Z-module Z n . A straightforward calculation from (3.5) yields
We have the slight problem that the coefficients are unbounded as |α| → +∞, and therefore the two terms occurring in (3.7) need not form convergent series when taken separately. However if we take σ ∈ O L 2 (B ε ′ ) in a slightly bigger tubular neighborhood (ε ′ > ε), the L 2 condition implies that α (ε ′′ /ε) 2|α| |ξ α | 2 is uniformly convergent for every ε ′′ ∈ ]ε, ε ′ [ , and this is more than enough to ensure convergence, since the growth of α → α k (|α| + n) is at most linear; we can even iterate as many derivatives as we want. For a smooth section σ ∈ C ∞ (B ε ′ ), the coefficients ξ α are smooth, with (ε ′ /ε) 2|α| |∂ β z ∂ γ z ξ α | 2 convergent for all β, γ, and we get
after replacing α by α + c k in the terms containing ε −1 . The (0, 1)-part ∇ 0,1 h of the Chern connection ∇ h of (B ε , h) with respect to the orthonormal frame (e α ) is thus given by
The (1, 0)-part can be derived from the identity ∂|σ| 2
For σ ∈ C ∞ (B ε ′ ), it follows from there that
Finally, to find the curvature tensor of (B ε , h), we only have to compute the (1, 1)-form (∇ 1,0 h ∇ 0,1 h + ∇ 0,1 h ∇ 1,0 h )σ and take the terms that contain no differentiation at all, especially in view of the usual identity ∂∂ + ∂∂ = 0 and the fact that we also have here (∇ 1,0 h ) 2 = 0,
where the last summation comes from the subtraction of the diagonal terms j = k. By changing α into α+c j in that summation, we obtain the following expression of the curvature tensor of (B ε , h).
3.10. Theorem. The curvature tensor of the Bergman bundle (B ε , h) is given by
The above curvature hermitian tensor is positive definite, and even positive definite unbounded if we view it as a hermitian form on T X ⊗B ε rather than on T X ⊗B ε ′ . This is not so surprising since the connection matrix was already an unbounded operator. Philosophically, the very ampleness of the sheaf B ε was also a strong indication that the curvature of the corresponding vector bundle B ε should have been positive. Observe that we have in fact
thanks to the Cauchy-Schwarz inequality
3.B. Curvature of Bergman bundles on compact hermitian manifolds
We consider here the general situation of a compact hermitian manifold (X, γ) described in §1, where γ is real analytic and exph is the associated partially holomorphic exponential map. Fix a point x 0 ∈ X, and use a holomorphic system of coordinates (z 1 , . . . , z n ) centered at x 0 , provided by exph x 0 : T X,x 0 ⊃ V → X. If we take γ x 0 orthonormal coordinates on T X,x 0 , then by construction the fiber of p : U ε → X over x 0 is the standard ε-ball in the coordinates (w j ) = (z j ). Let T X → V ×C n be the trivialization of T X in the coordinates (z j ), and
the expression of logh near (x 0 , x 0 ), that is, near (z, w) = (0, 0). By our choice of coordinates, we have logh 0 (w) = w and of course logh z (z) = 0, hence we get a real analytic expansion of the form
with holomorphic coefficients a j , a ′ j , b jk , b ′ jk , c jk vanishing at 0. In fact by [Dem94] , we always have da ′ j (0) = 0, and if γ is Kähler, the equality da j (0) = 0 also holds; we will not use these properties here. In coordinates, we then have locally near (0, 0) ∈ C n × C n U ε,z = (z, w) ∈ C n × C n ; |Ψ z (w)| < ε where Ψ z (w) = logh z (w) has a similar expansion
(when going from logh to Ψ, the coefficients a j , a ′ j and b j , b ′ j get twisted, but we do not care and keep the same notation for Ψ, as we will not refer to logh any more). In this situation, the Hilbert bundle B ε has a real analytic normal frame given by e α = Ψ * e α where (3.13) e α (w) = π −n/2 ε −|α|−n (|α| + n)! α 1 ! ... α n ! w α dw 1 ∧ . . . ∧ dw n and the pull-back Ψ * e α is taken with respect to w → Ψ z (w) (z being considered as a parameter). For a local section σ = α ξ α e α ∈ C ∞ (B ε ′ ), ε > ε, we can write
Near z = 0, by taking the derivative of Ψ * e α (z, w), we find
where the last sum comes from the expansion of dw 1 ∧ . . . ∧ dw n , and a ′ k,m , c jk,m are the m-th components of a ′ k and c jk . This gives two additional terms in comparison to the translation invariant case, but these terms are "small" in the sense that the first one vanishes at (z, w) = (0, 0) and the second one does not involve ε −1 . If ∇ 0,1 h,0 is the ∂-connection associated with the standard tubular neighborhood |w − z| < ε, we thus find in terms of the local trivialization σ ≃ ξ = ξ α ε α an expression of the form
The corresponding (1, 0)-parts satisfy
and the corresponding curvature tensors are related by
At z = 0 we have
and A 1,0 , ∂A 1,0 are, up to the sign, the adjoint endomorphisms of A 0,1 and ∂A 0,1 . The unboundedness comes from the fact that we have unbounded factors (α m + 1)(|α| + n + 1) ; it is worth noticing that multiplication by a holomorphic factor u(w) is a continuous operator on the fibers B ε,z , whose norm remains bounded as ε → 0. In this setting, it can be seen that the only term in (3.14) that is (a priori) not small with respect to the main term Θ B ε ,h,0 is the term involving ε −2 in A 1,0 ∧ A 0,1 + A 0,1 ∧ A 1,0 , and that the other terms appearing in the quadratic form Θ B ε ,h ξ, ξ are O(ε −1 (|α| + n)|ξ α | 2 ) or smaller. In order to check this, we expand c jk,m (w) into a power series µ c jk,m,µ g µ (w) where
so that sup |w|≤ε |g µ (w)| = ε |µ| . We get from the term ∂A 0,1 ξ, ξ a summation
At z = 0, g µ e α = g µ e α is proportional to e α+µ , and by (3.15) and the definition of the L 2 norm, we have g µ e α ≤ ε |µ| and | ξ α g µ e α , ξ | ≤ ε |µ| |ξ α ||ξ α+µ |. We infer
Let r be the infimum of the radius of convergence of w → Ψ z (w) over all z ∈ X. Then for ε < r and r ′ ∈ ]ε, r[, we have a uniform bound |c jk,m,µ | ≤ C(1/r ′ ) |µ| , hence
If we write
We now come to the more annoying term A 1,0 ∧ A 0,1 + A 0,1 ∧ A 1,0 , and especially to the part containing ε −2 (the other parts can be treated as above or are smaller). We compute explicitly that term by expanding a ′ k,m (w) into a power series µ a ′ k,m,µ g µ (w) as above. Let us write g m (w) = s −1 µ w µ . As a ′ k,m (0) = 0, the relevant term in A 0,1 is
where D m and W µ = W µ 1 1 . . . W µ n n are operators on the Hilbert space H 2 (B ε,0 ), defined by
The corresponding term in A 1,0 is the opposite of the adjoint, namely
We have here W µ ≤ s µ ε |µ| (as W µ is the multiplication by w µ = s µ g µ (w), and |g µ | ≤ ε |µ| on B ε,0 ). The operators D * ℓ and D m are unbounded, but the important point is that their commutators have substantially better continuity than what could be expected a priori. We have for instance
− (α ℓ + 1)(α m + δ ℓm ) (|α| + n + 1) e α+c ℓ −c m and the coefficient between braces is controlled by 2(|α| + n), as one sees by considering separately the two cases ℓ = m, where we get − (α ℓ + 1)α m , and ℓ = m, where we get α ℓ (|α| + n) − (α ℓ + 1)(|α| + n + 1). Therefore [D * ℓ , D m ]( e α ) ≤ 2(|α| + n). We obtain similarly
and it is easy to see that the coefficient between large braces is bounded for ℓ = m by α ℓ (α m + 1)/((|α| + n)(|α| + n + 1)) ≤ (|α| + n) −1 , and for ℓ = m we have as well (α ℓ + 1)(|α| + n) − α ℓ (|α| + n + 1) (|α| + n)(|α| + n + 1) ≤ (|α| + n) −1 .
with a coefficient between braces less than 1, thus [W * ℓ , D m ]( e α ) ≤ ε. By adjunction, the same is true for [D * ℓ , W m ], and we can summarize our estimates as follows:
Now, we observe that both D * ℓ W * λ W µ D m ( e α ) and W µ D m D * ℓ W * λ ( e α ) are multiples of e α+c ℓ −c m −λ+µ . By considering the second product W µ D m D * ℓ W * λ and permuting succes-
is expressed as a sum of 1 + |λ| + |µ| + |λ||µ| terms involving commutators. We derive from our estimates (3.17) precise bounds for the image of e α by the commutators. For instance, when we arrive at D * ℓ W µ W * λ D m and permute W µ W * λ , we go through intermediate steps
and have to evaluate the commutators
By (3.17), the norm of these |λ||µ| terms is bounded by
The remaining commutators are easier, they lead to bounds
s λ ′ s λ ′′ s µ ε |λ|+|µ| (|α| − |λ| − 1) + + n + 1 (|λ| times), s λ s µ ′ s µ ′′ ε |λ|+|µ| (|α| + n) (|µ| times).
In the final estimates, we will have to bound some combinatorial factors of the form
and we want the ratios s λ ′ s λ ′′ /s λ to be as small as possible (clearly they are at least equal to 1). For this, we try to keep the proportions λ ′ j /|λ ′ |, λ ′′ j /|λ ′′ | as close as possible to λ j /|λ| by selecting carefully which factor W * ℓ (and W m ) we exchange at each step. After a permutation of the coordinates, we may assume than λ n ≥ max j<n λ j , hence λ n ≥ 1 n |λ|. If t ′ = |λ ′ |/|λ| and t ′′ = |λ ′′ |/|λ| = 1 − t ′ − 1/|λ|, we take λ ′ j = ⌊t ′ λ j ⌋, λ ′′ j = ⌊t ′′ λ j ⌋ for j ≤ n − 1 and compensate by taking ad hoc values of λ ′ n , λ ′′ n and c ℓ = λ − (λ ′ + λ ′′ ). Then t ′ λ j − 1 < λ ′ j ≤ t ′ λ j for j < n and
These inequalities imply respectively
In the last inequality we have t ′ λ n ≥ 1 |λ| λ n ≥ 1 n unless λ ′ = 0. Thus, if λ ′ = 0, we get
and by taking the product over all j ∈ {1, . . . , n} we find
(notice that for λ j = 0 we also have λ ′ j = 0, and the corresponding factors are then equal to 1). Notice also that
For λ ′ , λ ′′ = 0, this implies (3.21) s λ ′ s λ ′′ ≤ e n 3 (s λ ) t ′ +t ′′ |λ| n−1 = e n 3 (s λ ) 1−1/|λ| |λ| n−1 ≤ e n 3 s λ |λ| n , and our combinatorial factor (3.20) is less than e 2n 3 |λ| n |µ| n . When λ ′ = 0 or λ ′′ = 0 (say λ ′′ = 0), we have λ ′ = λ − c j for some j and s λ ′′ = 1, thus s λ ′ s λ ′′ = s λ ′ = s λ |λ| |λ| − 1 (|λ|−1)/2 |λ| 1/2 (λ j − 1) (λ j −1)/2 λ λ j /2 j ≤ e 1/2 s λ |λ| 1/2 and inequality (3.21) still holds. We now put all our bounds together. For all r ′ < r = radius of convergence of w → Ψ z (w), the coefficients a ′ k,ℓ,λ satisfy |a ′ k,ℓ,λ | ≤ C 0 (1/r ′ ) |λ| with C 0 = C 0 (r ′ ) > 0, and for every ξ = α ξ α e α , (3.16-3.21) imply a bound of the form
Here |λ| + |µ| ≥ 2, and for δ > 0 arbitrary, there exists C 2 = C 2 (δ) such that
Now, we split the summation with respect to (λ, µ) between the two subsets |λ| + |µ| ≤ (|α| + n)/2 and |λ| + |µ| > (|α| + n)/2. We find respectively ((|α| − |λ| + |µ|) + + n)(|α| + n) (|α| − |λ|) + + n ≤ √ 6 |α| + n)((|α| − |λ| + |µ|) + + n) (first case) 6 n (|λ| + |µ|) 2 (second case).
In the first case, we use the inequality
and in the second case we content ourselves with the simpler bound which is what we wanted. This bound, together with Theorem 3.10 and the estimates from the preliminary discussion yield the following result.
3.22. Theorem. Let (X, γ) be a compact hermitian manifold equipped with a real analytic metric, and let r we the supremum of the radii r ′ of the ball bundles { ζ γ < r ′ } on which the related exponential map exph = exph γ : { ζ γ < r ′ } ⊂ T X → X × X defines a real analytic diffeomorphism (z, ζ) → (z, exph z (ζ)). Then, for all ε < r, the curvature tensor of the Bergman bundle (B ε , h) satisfies an estimate
for every ξ = α ξ α e α ∈ B ε ′ , ε ′ > ε, and every tangent vector v = v j ∂/∂z j , where O(ε) = ε C(ε) for a continuous increasing function ε → C(ε) on ]0, r[. In particular Θ B ε ,h is positive definite (and even coercive unbounded ) for ε < ε 0 small enough.
3.23. Remark. Under our real analyticity assumptions, the proof makes clear that there exists an asymptotic expansion
corresponds to the model case X = C n . The terms Q j can be derived from the Taylor expansion of exph associated with the metric γ, and they a priori depend on the coefficients of the torsion and curvature tensor and their derivatives. In the Kähler case, cf. for instance [Dem82, (8.5) ], one has exph z (ξ) = z + ξ + O(zξ 2 ) and one can check from the above calculations that Q 1 = 0. It would be interesting to identify more precisely Q 1 and Q 2 in general. It is very likely that Q 1 involves the torsion form dω and that Q 2 is strongly related to the curvature tensor of (T X , ω).
On the invariance of plurigenera for polarized K ahler families
An important unsolved problem of Kähler geometry is the invariance of plurigenera for compact Kähler manifolds, which can be stated as follows.
4.1. Conjecture. Let π : X → S be a proper holomorphic map defining a family of smooth compact Kähler manifolds over an irreducible base S. Assume that π admits local polarizations, i.e. every point t 0 ∈ S has a neighborhood V such that π −1 (V ) carries a Kähler metric ω. Then the plurigenera p m (X t ) = h 0 (X t , mK X t ) of fibers are independent of t for all m ≥ 0.
This conjecture has been affirmatively settled by Y.T. Siu [Siu98] in the case of projective varieties of general type (in which case the proof has been translated into a purely algebraic form by Y. Kawamata [Kaw99]), and then by [Siu02] and Pȃun [Pau07] in the case of arbitrary projective varieties; remarkably, no algebraic proof of the result is known beyond the case proved by Kawamata. Here, we wish to study such results in the Kähler context. This requires a priori substantial modifications of Siu's proof, since the technique involves in a crucial manner the use of an auxiliary ample line bundle. In the light of the previous sections, a potential replacement would be to use the "very ample" Bergman bundles just constructed. Conjecture 4.1 would be a consequence of the following more technical statement.
4.2.
Conjecture (generalized version of the Claudon-Pȃun theorem). Let π : X → ∆ be a polarized family of compact Kähler manifolds over a disc ∆ ⊂ C, and let (L j , h j ) 0≤j≤N−1 be (singular) hermitian line bundles with semi-positive curvature currents iΘ L j ,h j ≥ 0 on X. Assume that (a) the restriction of h j to the central fiber X 0 is well defined (i.e. not identically +∞).
(b) the multiplier ideal sheaf I(h j|X 0 ) is trivial for 1 ≤ j ≤ N − 1.
Then any section σ of O(mK X + L j ) |X 0 ⊗ I(h 0|X 0 ) over the central fiber X 0 extends into a section σ of O(mK X + L j ) over a certain neighborhood X ′ = π −1 (∆ ′ ) of X 0 , where ∆ ′ ⊂ ∆ is a sufficienty small disc centered at 0.
The invariance of plurigenera is the special case of Conjecture 4.2 when all line bundles L j and their metrics h j are trivial. Since the dimension t → h 0 (X t , mK X t ) is always upper semicontinuous and since Conjecture 4.2 implies the lower semicontinuity, we conclude that the dimension must be constant along analytic discs, hence along the irreducible base S, by joining any two points through a chain of analytic discs.
Remark.
A standard cohomological argument shows that we can in fact take X ′ = X in the conclusion of Conjecture 4.2, because the direct image sheaf E = π * O(mK X + L j ) is coherent, and the restriction E → E ⊗ (O ∆ /m 0 O ∆ ) induces a surjective map at the H 0 level on the Stein space ∆, so we can extend σ mod π * m 0 to X.
We now indicate how the technology of Bergman bundles could possibly be used to approach the conjectures.
where such that the projection pr 1 : U ′ ε → X ′ is a complex ball bundle over X ′ that is locally trivial real analytically.
Proof. The arguments are very similar to those of §1, except for the fact that X is no longer compact, but this is not a problem since X → ∆ is proper, and since we can always shrink ∆ a little bit to achieve uniform bounds (would they be needed). Let γ be a real analytic hermitian metric on X, and exph : T X → X be the corresponding real analytic and fiber-holomorphic exponential map associated with γ, as in §1. The map exph is no longer everywhere defined, but if we restrict it to the ε-tubular neighborhood of the zero section in T X ′ , we get for ε > 0 small enough a real analytic diffeomorphism (z, ξ) → (z, exph z (ξ)) onto a tubular neighborhood of the diagonal of X ′ × X ′ . The rest of the proof is identical to what we did in §1, taking (4.5)
In order to study Conjecture 4.2, we first state a technical extension theorem needed for the proof, which is a special case of the well-known and extremely powerful Ohsawa-Takegoshi theorem [OhT87] , see also [Ohs88, Ohs94] , [Dem00] . 4.6. Proposition. Let π : Z → ∆ be a smooth and proper morphism from a (non compact ) Kähler manifold Z to a disc ∆ ⊂ C and let (L, h) be a (singular) hermitian line bundle with semi-positive curvature current iΘ L,h ≥ 0 on Z. Let ω be a global Kähler metric on Z, and let dV Z , dV Z 0 the respective induced volume elements on Z and Z 0 = π −1 (0). Assume that h Z 0 is well defined (i.e. almost everywhere finite). Then any holomorphic section s of
where C 0 ≥ 0 is some universal constant (depending on dim Z and diam ∆, but otherwise independent of Z, L, . . . ).
4.7.
Remark. The assumptions of Proposition 4.6 imply that Z is holomorphically convex and complete Kähler, thus the technique of [Dem82] does apply to yield the result.
Attempt of proof of Conjecture 4.2. Let p = pr 1 : U ′ ε → X ′ be as in Lemma 4.4, and q = pr 2 : U ′ ε → X. We take ε < ε 0 and use on Z := U ′ ε a Kähler metric ω 0 defined on the Stein manifold U ′ ε 0 . On can define e.g. ω 0 as the i∂∂ of a strictly plurisubharmonic exhaustion function on U ′ ε 0 , but we can also take the restriction of pr * 1 ω + pr * 2 ω |X where ω is the Kähler metric on the total space X, and ω = − ω the corresponding Kähler metric on the conjugate space X.
First step: construction of a sequence of extensions on Z = U ′ ε via the Ohsawa-Takegoshi extension theorem.
in terms of an orthonormal frame ( e α ) α∈N n+1 of B ε , of the corresponding Hilbert space coefficients ξ m = (ξ m,α ) α∈N n+1 as defined in §2, and of a local holomorphic generator g of O X (N K X ′ + L j ). If we put dw = dw 1 ∧. . . ∧dw n+1 in local coordinates, we get an equality
ρ 2(|α|+n+1) |ξ m,α (z)| 2 , (4.13) and by (4.12), we obtain an upper bound (4.14) θ m,ρ (z) ≤ 1 m log C 8 (ρε) 2(n+1) C m 7 ((1 − ρ)ε) 4m(n+1) ≤ C 9 + 4(n + 1) log 1 (1 − ρ)ε =: C 10,ρ,ε .
The sum α∈N n+1 ρ 2(|α|+n+1) |ξ m,α (z)| 2 = e mθ m,ρ (z) is nothing else than the square of the norm of the section f From its definition, we see that θ m,ρ is a convex function of log ρ. Therefore, for ρ ≤ ρ 1 < 1, we have ρ ∂ ∂ρ θ m,ρ ≤ θ m,ρ 1 − θ m,ρ log ρ 1 − log ρ ≤ C 9,ρ 1 ,ε − θ m,ρ log ρ 1 , by (4.14), and (4.16 ′ ) implies i∂∂θ m,ρ ≥ − C 11 ε 2 ρ 2 C 10,ρ 1 ,ε − θ m,ρ ω.
A straightforward calculation yields −i∂∂ log(C 10,ρ 1 ,ε + 1 − θ m,ρ ) ≥ − C 11 ε 2 ρ 2 ω, hence the functions u m = − log(C 10,ρ 1 ,ε +1−θ m,ρ ) ≤ 0 have Hessian forms that are uniformly bounded from below. Also, by construction (cf. 4.9), θ m,ρ converges to 1 N log |σ| on X. Standard results of pluripotential theory imply that we can find a subsequence of (u m ) that converges in L p topology (for every p ∈ [1, +∞[) and pointwise almost everywhere. Therefore we can find a limit θ m,ρ → θ satisfying the Hessian estimates i∂∂θ ≥ − C 11 ε 2 ρ 2 C 10,ρ 1 ,ε − θ ω, −i∂∂ log(C 10,ρ 1 ,ε + 1 − θ) ≥ − C 11 ε 2 ρ 2 ω Proposition 4.11 is proved, as estimate (b) follows from (4.10).
Fourth step: applying Ohsawa-Takegoshi once again with the singular hermitian metric produced in the third step. Assume that we can replace estimate 4.11 (c) by the stronger fact that the curvature form of H = e −Nθ is positive in the sense of currents, i.e.
(4.18) −i∂∂ log H = N i∂∂θ ≥ 0.
This means that N K X ′ + L j possesses a hermitian metric H such that σ H ≤ 1 on X 0 and Θ H ≥ 0 on X ′ . In order to conclude, we proceed as Siu and Pȃun, and equip the bundle E = (N − 1)K X ′ + L j with the metric η = H 1−1/N h 1/N j , and N K X ′ + L j = K X ′ + E with the metric ω ⊗ η. It is important here that X possesses a global Kähler polarization ω, otherwise the required estimates would not be valid. Clearly η has a semi-positive curvature current on X ′ and in a local trivialization we have σ 2 ω⊗η ≤ C|σ| 2 exp − (N − 1)θ − 1 N ϕ j ≤ C |σ| 2 e −ϕ j 1/N on X 0 . Since |σ| 2 e −ϕ 0 and e −ϕ r , r > 0 are all locally integrable, we see that σ 2 ω⊗η is also locally integrable on X 0 by the Hölder inequality. A new (and final) application of the L 2 extension theorem to the hermitian line bundle (E, η) implies that σ can be extended to X ′ . Conjecture 4.2 would then be proved.
Fifth step: final discussion. Unfortunately, estimate (4.18) will a priori hold only in the case where ε can be taken arbitrarily large (in the sense that the exponential map is at least everywhere an immersion -one can then argue on the "unfolded neighborhood" U ε diffeomorphic to the ε-tubular neihborhood of the 0 section in T X , equipped with the complex structure obtained by pulling back the complex structure of X × X via exph. This condition is met e.g. when X is a complex torus or a ball quotient. However, it is doubtful that all compact Kähler manifolds with K X pseudo-effective satisfy this property. The main issue is that the unboundedness of Θ B ε ,h does not a priori imply that the right hand side of (4.15) converges weakly to 0, while this is obviously true in the algebraic situation where we use
